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We study the dynamical quantum phase transition of the critical quantum quench, in which the
prequenched Hamiltonian, or the postquenched Hamiltonian, or both of them are set to be the critical
points of equilibrium quantum phase transitions, we find half-quantized or unquantized dynamical
topological order parameter and dynamical Chern number; these results and also the existence of
dynamical quantum phase transition are all closely related to the singularity of the Bogoliubov
angle at the gap-closing momentum. The effects of the singularity may also be canceled out if both
the prequenched and postquenched Hamiltonians are critical, then the dynamical topological order
parameter and dynamical Chern number restore to integer ones.
Introduction.—The theory of dynamical quantum
phase transition[1] (DQPT) concerns the dynamical be-
haviors, especially the nonanalytic behaviors, of a many-
body system after a sudden change of the parameters
(quantum quench). Generally, the phase-transition-like
nonanalytic behaviors of the so called dynamical free
energy is at a series of critical times when the overlap
between the initial state and the evolving state is zero.
The conception of scaling and universality, and the re-
lated renormalization theory, are also applicable for the
DQPT[2–5]. A lot of DQPTs exhibit linear singular-
ity with critical exponent α = 1, however, nonlinear
singularity has also been found recently[5]. DQPT has
been studied in different systems[6–9] and been gener-
alized to mixed states[10, 11], open system[12], Floquet
system[13], and so forth[14–19]. It can also be realized in
in the experiments of ultra-cold-atomic gases[20, 21] and
trapped irons[22–24].
Different from the symmetry breaking phase transition
in equilibrium system, the DQPT has no local order pa-
rameter, however, it can be characterized by a dynami-
cal topological order parameter[25] (DTOP), which is ex-
tracted from the Pancharatnam phase of the Loschomidt
amplitude. Generally, the DTOP is quantized as inte-
ger number and changes its value at the critical times,
it is applicable for describing the topology of a quantum
quench at a given time. In addition, there is another
type of topological invariant for quantum quench, which
is defined in the (~k, t) space by mapping it to the Bloch
sphere[26]; in a two-dimensional Chern insulator, this is a
Hopf invariant. Such type of topological invariant is also
generalized to one-dimensional system, and a dynamical
Chern number is defined[27].
In this letter, we consider the DQPT of a special case
of quantum quench, in which the prequenched Hamilto-
nian, or the postquenched Hamiltonian, or both of them
are set to be the critical points of equilibrium quantum
phase transitions, paying special attention to the topolog-
ical properties. We find that the DTOP and dynamical
Chern number can be half-quantized or unquantized, we
demonstrate that these results and also the existence of
DQPT are closely related to the singularity of the Bo-
goliubov angle of the Bloch vector at the gap-closing mo-
mentum.
We consider a XY chain in a transverse magnetic field
H =
1
2
N∑
j=1
[1 + γ
2
σxj σ
x
j+1 +
1− γ
2
σyj σ
y
j+1 − gσ
z
j
]
. (1)
By the Jordan-Wigner transformation and Fourier trans-
formation, the model can be transformed to
H(γ, g) =
∑
k>0
η†kh(k)ηk (2)
where ηk = (ck, c
†
−k) and h(k) =
~d(k) · ~σ, with ~σ the
Pauli matrix and ~d = (0, γ sink, cos k− g) the Bloch vec-
tor. Diagonalization of h(k) yields the dispersion relation
ǫk(γ, g) =
√
(cos k − g)2 + γ2 sin2 k.
Prepare an initial state |ψ0〉, which is a ground state
of a prequenched Hamiltonian Hi = H(γi, gi), and then
suddenly change the system to a postquenched Hamilto-
nian Hf = H(γf , gf ), the system may undergo a DQPT,
whose singularity is reflected in the rate function l(t) =
− limN→∞
1
N
log |L(t)|2 and the dynamical free energy
f(z) = − limN→∞
1
N
logZ(z) at a series of critical times.
Here, the boundary function Z(z) = 〈ψ0|e
−zHf |ψ0〉 is
an analytic continuation of the Loschomidt amplitude
L(t) = 〈ψ0|e
−itHf |ψ0〉 under z = Rez + it. For the
XY model, Z(z) can be calculated analytically, which
is Z(z) =
∏
k>0 Zk(z), with
Zk(z) = cos
2 ϕke
ǫk(γf ,gf )z + sin2 ϕke
−ǫk(γf ,gf )z , (3)
where ϕk = θk(γi, gi)− θk(γf , gf), with tan[2θk(γ, g)]
def
=
γ sin k/(g− cos k), θk ∈ [0, π/2]. The Fisher zeros of f(z)
are zn = 1/[2ǫk(γf , gf )]·[ln tan
2 ϕk+iπ(2n+1)], with n =
0, 1, 2, · · · ; when ϕk = ±π/4, namely the initial Bloch
vector ~di and the final Bloch vector ~df are perpendicular
to each other, the real parts of zn are zero, and we get the
critical times tn = t
∗(n + 1/2), with t∗ = π/ǫk∗(γf , gf ),
where k∗ is determined by
~di · ~df = (cos k
∗ − gi)(cos k
∗ − gf) + γiγf sin
2 k = 0.(4)
Quench from critical point to noncritical point.—If the
prequenched HamiltonianHi is a critical point of an equi-
librium quantum phase transition but the postquenched
Hamiltonian Hf is not, there may be a DQPT, as shown
in Fig. 1(a). We can see that the DTOP νD(t) is always
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FIG. 1. (Color online) (a) DQPT from (γi, gi) = (1, 1) to
(γf , gf ) = (1, 2); (b),(c) trajectories of the vector ~rk for this
DQPT at t = 2.5 and t = 0.5, respectively.
the integer times of a half-quantized value 1/2, this is
much different from the noncritical quench.
DTOP[25] is defined in terms of the Pancharatnam ge-
ometrical phase of the Loschomidt amplitude
νD(t) =
1
2π
∮ π
0
∂φGk (t)
∂k
, (5)
where φGk (t) = φ
L
k (t) − φ
dyn
k (t), with φ
L
k (t) the phase of
the Loschomidt amplitude at momentum k and φdynk (t)
the dynamical phase
Lk(t) = Zk(it) = |Lk(t)|e
iφLk (t), (6)
φdynk (t) = −
∫ t
0
ds〈ψk(s)|hf (k)|ψk(s)〉
= ǫk(γf , gf)t cos(2ϕk). (7)
It is obvious that νD can be understood as the winding
number of the vector
~rk = (xk, yk) = |Lk(t)|e
iφGk (t) (8)
around the origin. For the noncritical quench, the trajec-
tory of vector ~rk is a closed loop as k varies from 0 to π,
however, for the critical quench, the trajectory in general
is not closed. The reason lies in the fact that ~rk→0 can be
unequal to ~rk→π for the critical quantum quench; in con-
trary, in the noncritical quench, ~rk→0=~rk→π . Note that
k → 0 and k → π are the two momenta that make φGk (t)
always be nπ, we call the two momenta ‘fixed points’,
which are also the fixed points of the evolving Bloch vec-
tor defined in Eq. (10). If ~rk→0 6= ~rk→π , the two cor-
responding points of ~rk will be two different positions
on the real axis, so the trajectory is not closed. The
difference of ~rk→0 and ~rk→π stems from the singularity
of the Bogoliubov angle at the gap-closing momentum
kc. Take the quench shown in Fig. 1(a) as an exam-
ple, the gap-closing momentum of Hi is kc = 0, where
θk→0(γ0, g0) = π/4 and θk→0(γ1, g1) = 0, so ϕk→0 = π/4,
this leads to ~rk→0 = cos[ǫ0(γf , gf)t] according to Eqs. 3,
6, 7, and 8; however similar analysis for k → π gives
~rk→π = 1, so ~rk→0 is not equal to ~rk→π except at some
special time t = 2nπ/ǫ0(γf , gf) = 2nπ. Two examples
are shown in Fig. 1(b) and (c); in Fig. 1(b), the angle
swept by the vector ~rk is −π, thus it gives a winding num-
ber of νD = −1/2; however, in Fig. 1 (c), the angle swept
by ~rk is −2π, so the winding number is νD = −1; in both
cases, the trajectories of ~rk are not closed. It is obvious
that the angle swept by ~rk is related to the position of
the origin, in Fig. 1(b), it is between the two points of
~rk→0 and ~rk→π , therefore there is a discontinuous change
of the Pancharatnam geometrical phase φGk at the fixed
points, this is the core origination of the half quantization
of DTOP.
Now let us consider another example, in which the pre-
quenched Hamiltonian is at the XX chain, i.e. γi = 0; in
this case, there is no DQPT, and the DTOP is unquan-
tized, as shown in Fig. 2(a). The absence of DQPT is ow-
ing to the singularity of the Bogoliubov angle at the gap-
closing momentum kc = π/3. Here kc happens to be the
same as the momentum k∗ that satisfies Eq. (4), however,
this does not mean there will be a DQPT, because at this
point, the Bogoliubov angle is ill defined, so we should
take the limit k → k∗, which gives ϕk→k∗
−
≈ 0.3085π and
ϕk→k∗+ ≈ −0.1915π, both of them are not equal to ±π/4.
In fact, in the whole effective Brillouin zone [0, π], we can
not find a momentum k∗ that satisfies φk→k∗ = ±π/4, so
the Fisher zeros never intersect the imaginary axis, and
the rate function always has no singularity. Here we can
see the particularity of the critical quench, the existence
of a k∗ that satisfies Eq. (4) does not mean ϕk∗ = ±π/4,
i.e., the existence of a DQPT; here Eq. (4) is satisfied
only because of the fact that ~di is zero at the gap-closing
point. In contrary, in the noncritical quench, the condi-
tion of Eq. (4) and ϕk∗ = ±π/4 are the same meaning.
Also because of the singularity of the Bogoliubov an-
gle, the trajectory of vector ~rk is unclosed, as shown in
Fig. 2(b). θk→ π
3 +
(γi, gi) = 0 but θk→ π
3 −
(γi, gi) = π/2,
this will lead to the discontinuous change of φGk and con-
sequently the discontinuous change of ~rk at k = π/3, so
the trajectory is not closed, i.e., νD is not quantized.
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FIG. 2. (Color online) (a) quantum quench from (γi, gi) =
(0, 0.5) to (γf , gf ) = (3, 1.5), note that the peaks of l(t) are not
in one-to-one correspondence to the inflexions of the DTOP;
(b) trajectory of the vector ~rk for this quench at t = 1.
The singularity of the Bogoliubov angle can also lead
to the half-quantized and unquantized dynamical Chern
number. For a quench from hi(k) to hf (k), where h(k) is
defined in Eq. (2), no matter whether there is a DQPT,
a dynamical Chern number[27] can be defined as
Cmdyn =
1
4π
∫ km+1
km
dk
∫ π
ǫk(γf ,gf )
0
dt(dˆt × ∂tdˆ
t) · ∂kdˆ
t,(9)
where dˆt is the Bloch vector of the evolving density
matrix ρt = e
−ihf (k)tρie
ihf (k)t = 12 [1 − dˆ
t · ~σ], and
3ρi = |ψ0(k)〉〈ψ0(k)| =
1
2 [1 − dˆi · ~σ] is the initial den-
sity matrix, with |ψ0(k)〉 the ground state of the initial
Hamiltonian hi(k), and dˆi = ~di/|~di|. The evolving Bloch
vector ~dt can be calculated analytically[27],
dˆt =dˆi cos(2|~df |t) + 2dˆf (dˆi · dˆf ) sin
2(|~df |t)
−dˆi × dˆf sin(2|~df |t). (10)
In Eq. (9), km is the m-th fixed point of ~d
t, where
the Bloch vector ~dt keep still during the time evolution.
Generally, at such fixed point, for a noncritical quantum
quench, the initial Bloch vector ~di and ~df are parallel (or
antiparallel) to each other.
For the critical quench shown in Fig. 1, the fixed points
are k1 = 0 and k2 = π. For the second fixed point k = π,
the initial Bloch vector ~di and the final Bloch vector ~df
are parallel to each other, i.e., ϕk=π = 0, this is similar to
the noncritical quench. However, the first fixed point k =
0 is very special, it is a gap-closing point, in such point
we should take the limit k → 0+ instead of setting k = 0,
in this limit the Bogoliubov angle of ~di is θk→0+(γi, gi) =
π/4 and the angle of ~df is θk→0+(γf , gf ) = 0, therefore
ϕk→0+ = π/4. In fact, we can find that the range of ϕk
is [0, π/4] as k varies from k1 to k2, which is only half
of that of the noncritical quench, accordingly, the vector
dˆt sweeps only half of the Bloch sphere, as shown in Fig.
3, the corresponding solid angle is only 2π, therefore the
dynamical Chern number is 1/2.
FIG. 3. (Color online) Time evolution of the Bloch vector dˆt
of different momenta for the quantum quench from (γi, gi) =
(1, 1) to (γf , gf ) = (1, 2).
For the quench shown in Fig. 2, the gap-closing
momentum is kc = π/3, this is a singular point with
θk→ π3 −(γi, gi) = π/2 6= θk→
π
3 +
(γi, gi) = 0, this not only
leads to the unquantized DTOP but also the unquantized
dynamical Chern number. As shown in Fig. 4, the tra-
jectories of k → π3− and k →
π
3 +
divide the surface of
the Bloch sphere into three parts, the area between the
two trajectories are never swept by the Bloch vector dˆt.
The solid angle in correspondence to the swept area is
Cdyn · 4π, with Cdyn ≈ 0.64 obtained from Eq. (9).
From the two examples, we can see that the discontin-
uous change of the Bogoliubov angle at the gap-closing
momentum makes the mapping from the space (k, t) to
the surface of the Bloch sphere incomplete, so the dy-
namical Chern number is not integer.
Unquantization of DTOP and dynamical Chern num-
ber does not always correspond to the absence of DQPT,
for example, in the quench from (γi, gi) = (0, 0.5) to
(γf , gf) = (0.5, 0.8), although the DTOP and the dynam-
ical Chern number are not quantized, there still exists a
FIG. 4. (Color online) Time evolution of the Bloch vector dˆt
of different momenta for the quantum quench from (γi, gi) =
(0, 0.5) to (γf , gf ) = (3, 1.5).
DQPT, and the unquantized DTOP still can be used as
a detector of the DQPT, as shown in Fig. 5(a). In fact,
in this example, there are two k∗ satisfy Eq. (4), one is
k∗1 = π/3, which coincides with the gap-closing momen-
tum kc, another one is k
∗
2 = arccos 0.8. From the exam-
ples shown in Fig. 2 and 4, we know that the coincidence
of k∗1 and kc can lead to the absence of singularity in the
rate function l(t) and the unquantization of DTOP and
dynamical Chern number, however, here k∗2 can recover
the singularity in l(t); the final result is the interplay of
the effects of k∗1 and k
∗
2 , so we get the results shown in
Fig. 5(a).
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FIG. 5. (Color online) (a) DQPT from (γi, gi) = (0, 0.5)
to (γf , gf ) = (0.5, 0.8); (b) DQPT from (γi, gi) = (2, 1) to
(γf , gf ) = (−2, 1).
Quench from noncritical point to critical point.—If
the prequenched Hamiltonian is noncritical but the
postquenched Hamiltonian is critical, there is no DQPT,
such as the quench from (γi, gi) = (1, 0.5) to (γf , gf ) =
(1, 1). In this case the momentum that satisfies Eq.
(4) is k = 0, which is also the gap-closing point of the
postquenched Hamiltonian, i.e., ǫ0(γf , gf) = 0, so the
critical time t∗ = ∞, therefore we can not find a DQPT
in finite time. However in this case, we can still find a
half-quantized dynamical Chern number, similar to the
case shown in Fig. 3.
Quench from critical point to critical point .—If both
the prequenched and postquenched Hamiltonian are crit-
ical, the situation becomes a little subtle. If the gap-
closing momentum of the prequenched Hamiltonian is
different from that of the postquenched Hamiltonian, we
may get a DQPT with half-quantized DTOP and half-
quantized dynamical Chern number, such as the quench
from (γi, gi) = (1, 1) to (γf , gf ) = (0, 0.5), which is sim-
ilar to the case shown in Figs. 1 and 3. However, if the
gap-closing momentum of the prequenched Hamiltonian
and the postquenched Hamiltonian are the same, then
the singularity of the two Bogoliubov angles can cancel
out with each other, and the DTOP and dynamical Chern
4number restore to integer ones, such as the quench from
(γi, gi) = (2, 1) to (γf , gf) = (−2, 1), shown in Fig. 5(b).
In this case, there are two k∗ satisfy Eq. (4), which are
k∗1 = 0 and k
∗
2 = arccos(−3/5); k
∗
1 coincides with the
gap-closing points of both the prequenched Hamiltonian
and postquenched Hamiltonian, it does not lead to any
singularity in the rate function l(t), however k∗2 can lead
to certain singularity in l(t), therefore there is a DQPT.
For the DTOP, because both ǫ0(γi, gi) and ǫ0(γf , gf) are
zero, we know ~rk→0 = 1 from Eqs. (3) and (8), which
is the equal to ~rk→π , namely the values of ~rk are the
same at the two fixed points, thus the trajectory of ~rk is
always closed, i.e., νD is an integer. For the dynamical
Chern number, it is easy to find that the range of the an-
gle difference between θk(γi, gi) and θk(γf , gf) recovers to
[0, π/2], which is the same as the noncritical quench, so
the evolving Bloch vector dˆt can sweep the whole Bloch
sphere, thus we get Cdyn = 1.
Summary and discussion.—In summary, we have stud-
ied the critical quantum quench, in which the pre-
quenched Hamiltonian, or the postquenched Hamilto-
nian, or both of them are set to be the critical points of
equilibrium quantum phase transitions. We demonstrate
that the singularity of the Bogoliubov angle at the gap-
closing momentum kc may lead to interesting topological
properties in such type of quantum quench. The singular-
ity of this momentum can lead to discontinuous change of
the Pancharatnam geometrical phase of Loschomidt am-
plitude, which is the origination of the unquantization of
DTOP; if the momentum happens to be one of the fixed
point of the Pancharatnam phase, then the DTOP can
be half-quantized. For the dynamical Chern number, the
trajectories of the evolving Bloch vector dˆt for k → kc−
and k → kc+ cut open the Bloch sphere, so the mapping
from the (k, t) space to the surface of the Bloch sphere is
incomplete, therefore the dynamical Chern number may
be half-quantized or unquantized. The coincidence of the
gap-closing momentum and the fixed point is a neces-
sary condition for half-quantized dynamical Chern num-
ber, because in the limit of this momentum, the trajec-
tory of the evolving Bloch vector dˆt is exactly a meridian,
which cut off half of the sphere.
The existence of the DQPT is also closely related to
the singularity of the Bogoliubov angle, from the exam-
ple shown in Fig. 2, we can see that if k∗ coincides with
the gap-closing momentum kc, it does not lead to any
singularity in rate function, and the DQPT is absent,
however, the DQPT can be recovered if there exists an-
other k∗ that does not coincide with kc. We can also
see that the effecs of the singularity of the Bogoliubov
angles can even be canceled out if both the prequenched
Hamiltonian and postquenched Hamiltonian are critical
and the two gap-closing momenta are the same, in this
case, the DTOP and dynamical Chern number restore to
integer ones.
The conclusions in this letter are valid for the inte-
grable system with chiral symmetry like the XY chain,
it is an interesting question to generalize the research
to integrable systems without chiral symmetry and non-
integrable systems, and so forth. The critical quantum
quench is also very possible to be realized in the ex-
periments of ultra-cold-atomic gases[20, 21] and trapped
irons[22–24], because the noncritical quench has already
been realized, what we have to do is to tune the param-
eters to get a critical point in the experiment.
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